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Multiple Positive Solutions for Nonlinear Second-Order m-Point
Impulsive Boundary Value Problems on Time Scales
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Abstract. In this paper, by using fixed point index theory, we study the existence of positive solutions for
nonlinear second-order m-point impulsive boundary value problems on time scales. As an application, we
give an example to demonstrate our results.

1. Introduction

The theory of impulsive differential equations describe processes which experience a sudden change of
their state at certain moments. Impulsive differential equations have become more important in recent years
in some mathematical models of real processes and phenomena studied in physics, chemical technology,
population dynamics, biotechnology and economics. For the introduction of the basic theory of impulsive
equations, see [1, 2, 11, 16] and the references therein.

The study of dynamic equations on time scales goes back to Stefan Hilger [9]. Now it is still a new area
of fairly therotical exploration in Mathematics. We refer to the books by Bohner and Peterson [4, 5].

Recently, the existence and multiplicity of positive solutions for linear and nonlinear second-order
impulsive differential equations have been studied extensively [6, 7, 10, 20]. However, the corresponding
theory of such equations is still in the beginning stages of its development, especially the impulsive dynamic
system on time scales, see [3, 8, 13,17, 18]. There is not much work on second-order with m-point impulsive
boundary value problems on time scales, see [14, 19].

In [7], Guo studied the following two-point boundary value problem

X" = f(t,x,x), t#+t,

AXlp=y, = Le(x(tx)),

AX' |y, = L(x ()X’ (), (k=1,2,..,m),
ax(0) — bx’(0) = xo, cx(1) +dx’'(1) = x;.

Utilizing the Darbo fixed point theorem, Guo obtained the existence criteria of at least one solution.
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In [10], Hu, Liu and Wu studied second-order two-point impulsive boundary value problem

= hOf(u), teT,
=D |i=, = Te(u(ty),
Auly=y, = L(u(ty)), k=1,2,..,m,
au(0) — pu’(0) =0
yul) +ou'(1) =0

By using the fixed point theorem in cone, they obtained the existence criteria of one or two positive solutions.
In [15], Ma considered the existence and multiplicity of positive solutions for the m-boundary value
problems

(p( t)u)—q(t)u+f(tu) 0, 0<t<]1,

au(0) = bp(O)u'(0) = Xau@)
m 2

cu(@) +dp(Dyu' (1) = Y piu(&).

i=1

The main tool is Guo-Krasnoselskii fixed point theorem.
In [14], Li, Chen and Wu studied the following m-point boundary value problems for p-Laplacian
impulsive dynamic equations on time scales

[Dp(y NI +w(t)f(t, y(t) =0, t € [0, Thr, t # t, k=1,2,...,n
y(t) — y(t) = Le(u(ti),
m—2

y(0) = Y aiy(&), yA(T) =

i=1

In accordance with the Leray-Schauder fixed point theorem and the nonlinear alternative of Leray-Schauder
type, they get the existence of at least one positive solution. They also considered the existence of at least
three positive solutions by using a new fixed point theorem.

Motivated by the above results, in this study, we consider the following second-order m-point impulsive
boundary value problem (BVP) on time scales

WAL(E) + gt u()) =0, t € ] = [0,1]x, £ %ty k= 1,2, .11,
A=y, = Li(u(ty)),
Autli=y, = —Ji(u(ty)),

) (1.1)
au(0) - bu(0) = ) (&),
i=1

m-2
cu(1) + du®(1) = Z Biu(i),
i=1

where T is a time scale, 0,1 € T, [0,1]y =[0,1]NT, ty € 0O, Dy, k=1,2,..,nwith0 <t < <..<t, <1
Auli=y, and Au®|i=y, denote the jump of u(t) and u*(t) at t = f, i.e.,

Aulp—y, = u(t)) —uty), Aule=y, = usE) —u(t),

where u(tf), u®(t;) and u(t;), u”(t;) represent the right-hand limit and left-hand limit of u(t) and u*(t) at
t=t, k=1,2,..,n, respectively.
Throughout this paper we assume that following conditions hold:

(H1) a,b,c,d € [0, 00) with ac +ad + bc > 0; a;, B; € [0,00), &€ (0, ) forie(1,2,...,m =2},



L. Y. Karaca, F. T. Fen / Filomat 29:4 (2015), 817-827 819

(Hz) f € C([Or 1]T X 1[{ﬁL/ RJr)r q € C([O/ ]-]T/ R+)/

(H3) Ik € C(R*,R") is a bounded function, [, € C(R*,R*) such that (c(1 — #) + d) e (u(ty)) > cli(u(ty)), k =
1,2,..,n

By means of the fixed point index theory in the cone [12], we get the existence of at least two positive
solutions for the impulsive BVP (1.1). Then we generalized this to obtain many positive solutions. In fact,
our results is also new when T = R (the differential case) and T = Z (the discrete case). Therefore, the
results can be considered as a contribution to this field.

This paper is organized as follows. In Section 2, we provide some definitions and preliminary lemmas
which are key tools for our main results. We give and prove our main results in Section 3. Finally, in Section
4, we give an example to demonstrate our results.

2. Preliminaries

In this section, to state the main results of this paper, we need the following lemmas.
Throughout the rest of this paper, we assume that the points of impulse #; are right dense for each
k=1,2,..,n. Let] =[0,1]r, J' =]\ {t1, t2, ..., t,}. We define

B = {ulu:[0,1]r — Ris continuous at { # f;, left continuous at t = t;, and there exist
u(ty) and u(t)) with u(t;) = u(ty) fork =1,2,...,n}.
Then B is a real Banach space with the norm |[u|| = sup [u(t)|. A function u € BN C?(J’) is called a solution

te[0,1]T
to (1.1) if it satisfies all equations of (1.1).

K = {u € B : u(t) is nonnegative, nondecreasing on [0, 1]t and u*(t) is nonincreasing on [0, 1]r,

m—2
au(0) - bu(©) = Y aiu(éi)}.
i=1

Obviously, K is a cone in B. We note that, for each u € K, [[ul]l = sup |u(f)| = u(1).
te[0,1]r
Denote by 0 and ¢, the solutions of the corresponding homogeneous equation

ut*(t)=0,te]=[0,1]y, t#t k=1,2,..,n, (2.1)
under the initial conditions

0(0) = b, 6°(0) = a,
{ o) =d, gi(1)=- 22)

Using the initial conditions (2.2), we can deduce from equation (2.1) for 6 and ¢ the following equations:

Oty =b+at, pt)=d+c(1-t). (2.3)
Set
m-2 m-2
-) aib+as) p- Za,<d+c<1 £))
A= ijnl—z , (24)
p—Y pi(b+ag) —Z&(mca—a»
i=1 i=1
and

p :=ad + ac + bc. (2.5)
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Lemma 2.1. Let (H1) — (H3) hold. Assume that

(H4) A+#0.
If u € BN C*(J) is a solution of the equation

1 n
ut) = fo G (t,0(5)) q(6)f (5,u(5)) A5 + Y Wi (t, 1) + A(F)O®) + B(Hp(h),
k=1

where
1 [ ©+at) (=ch(u(t)) + (d + c(1 = b)) i (u(t)), ¢ <ty
Wi (t, 1)

(d+c(1—1) (al(u(ty) + (b +ate)Jx (uty)), <t

1 b+as)d+c(1-1t), os)<t,
G(tfs)‘;{(b+at)(d+c(1—s)), t<s,

m—2 m—2
P2 aK; p—Zai(dw(l—a))
(f) T A m—2 4
BiK: Z Bid+c(1-

m=2 m=2
1 aib+ag) ) ak;
B(f) = zjnl ) i= 1

p= L Bl +ac) Z B
and
1 n
Koo [ Gl o) qEf sue) s+ Y Wilei ),
0 k=1

then u is a solution of the impulsive boundary value problem (1.1).

Proof. Let u satisfies the integral equation (2.6), then we have

1 n
u(t) = fo G (t, o) 4E)f (5, u(s) s + Y We () + ADO) + B (),
k=1

ie.,

1

u(t)
+ ) (d+ o1 = 1) @l(u(t) + (b +ato)Je (u(t)))

O<ty<t

+ Z (b + at) (=cli(u(te)) + (d + c(1 = t)) i (u(tr))) + A(f)(b + at) + B(f)(d + c(1 - 1)),

t<tp<1

t 1
W = - fo £ 0+ ao(gO)f 6, ) 5+ f -+ (1 = o))O)F 6, s o

- Z c (alx(u(ty)) + (b + aty)Jx (u(ty)))

O<tr<t

+ ) al=cl(u(t) + (d + c(1 = b))k (k) + A(f)a - B(f)c

t<t<1

820

(2.6)

2.7)

2.8)

2.9)

(2.10)

(2.11)

t
fo %(b +a(o(s))(d +c(1 —1))q(s)f (s, u(s)) As + f[ %(b +at)(d + c(1 = a(s))q(s)f (s, u(s)) as
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So that

utt(t) = —(=cb+a(0(t) —ald+c(l-o®))gt)f (¢ u®)

1

p
- % (—(ad + ac + b)) 4(1)f (¢, u(t) = (1) f (&, u(®),
WEA() + (O f(E, u(b)) = 0.

Since
1
u(©) = fo §<d+c<1—o(s)))q(s)f(w(s))As

+ Z b (=cli(u(t) + (d + c(1 = 1))k (u(t))) + A(f)b + B(f)(d + ©),
k=1

1
WA0) = f 8 + o1 — aENIE (5, u(s)) as

+ Z —cli(u(ty)) + (d + c(1 — #) i (u(t))) + A(f)a — B(f)c,

we have that

au(0) — bu”(0) = B(f) (ad + ac + bc)

Since
1
u(l) = foé(b+a(a(s) s)f (s, u(s)) &s

+ Z d (alx(u(t)) + (b + ati) Jx (u(tx))) + A(f)(b + a) + B(f)d,

1
ut(1) = —f =(b+a(a(s))q(s) f (s, u(s)) as

n

=Y c(@l(u(t) + (b +at) i (u(t0) + A(fa - B(f)c,

k=1
we have that

cu(1) + du®(1) = A(f) (ad + ac + bc)

:lﬁl

1 n
; fo G (&,0(5) q9)f (5, u(s)) A5 + Y Wi (&1, 1) + A(H(b +a&) + B +c(1 - &)
k=1

1 n
fo G (&1,0(5)) 4()f (5, 1(5)) s + Y Wi (&i,t) + AF(b +a&) + B + (1 - &)
k=1

821

(2.12)

(2.13)
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From (2.5), (2.12) and (2.13), we get that

[ m-2
- Z a;(b +aé;)
=

i=1

p- Zﬁ(bmé)

=1

which implies that A(f) and B(f) satisfy (2.9) and (2.10), respectively. [J

Lemma 2.2. Let (H1) — (H3) hold. Assume

m-2 m-2
(H5) A <0, p—Z,B,-(b+acE,-) >0, a—Za,- > 0.
i=1 i=1

Then for u € BN C%(J') with f,q > 0, the solution u of the problem (1.1) satisfies

u(t) > 0 for t € [0, 1] .

m—=2 m-2
A(f) + [p - Z ai(d+c(1 - &)} B(f) = '
i=1

m-=2 m=2
A(f) + —Zﬁ(d+c1—£)lB(f :Zﬁﬂq

822

Proof. It is an immediate subsequence of the facts that G > 0 on [0, 1]T X [0, 1]t and A(f) > 0, B(f) > 0. O

Lemma 2.3. Let (H1) — (H3) and (H5) hold. Assume

m-2
(H6) C—Zﬁi <0.
i=1

Then the solution u € B N C*(J") of the problem (1.1) satisfies u®(t) > 0 for t € [0, 1]r.

Proof. Assume that the inequality #*(f) < 0 holds. Since u*(t) is nonincreasing on [0, 1]t, one can verify that

u®(1) < u”(t), t €[0,1]t.

From the boundary conditions of the problem (1.1), we have

L1

——u M+ Z u(&) < u(t) < 0.
i=1

The last inequality yields
m=2
—cu(l) + ) (&) < 0.
i=1

Therefore, we obtain that
-2

Biu(l) < Z Biu(&i) < cu(l),

§

I\
—_

i

m=2
[ ]u(l) > 0.
i=1

ie.,

m—2

According to Lemma 2.2, we have that u(1) > 0. So, c — Z Bi > 0. However, this contradicts to condition

i=1
(H6). Consequently, u*(t) > 0 for t € [0,1]y. O
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Zaél
ﬂ—Zai(l—éi)
i=1

Lemma 2.4. If (H1) — (H6) hold, then tr%ilr} u(t) = yllull for u € K, wherey =
€10, 1T

Proof. Since u € K, nonnegative and nondecreasing

llull = u(1), in u(t) = u(0).

On the other hand, u*(f) is nonincreasing on [0, 1]r. So, for every ¢ € [0, 1]y, we have
u(t) — u(0) _ u(1) - u(0)
t - 1 ’
ie., u(t) = (1 — )u(0) + tu(1). Therefore,

m—2 m—

-2
au(E) 2 ) a1 - Eu(0) + Z ai&u(1).
1

i=1 i=

m=2

This together with au(0) — bu”(0) a;u(&;), implies that

i=1

So, the proof of Lemma is completed. O

Now define an operator T : K — B by

1 n
Tu(t) = f(; G(t,0(5)q(s)f (s, u(s)) as + 2 Wi (t, t) + A(f)O() + B(f)p(®), (2.14)
k=1

where Wy, G, A(f), B(f) and 0, ¢ are defined as in (2.7), (2.8), (2.9), (2.10) and (2.3) respectively.
Lemma 2.5. Let (H1) — (H6) hold. Then T : K — K is completely continuous.

Proof. By Arzela-Ascoli theorem, we can easily prove that operator T is completely continuous. [

3. Main Results
The following fixed point theorem is fundamental and important to the proofs of our main results.

Lemma 3.1. (See [12]). Let K be a cone in a real Banach space B. Let D be an open bounded subset of B with

Dk = DNK # 0 and Dx # K. assume that T : Dx — K is completely continuous such that x # Tx for x € dDx.
Then the following results hold:

() IflITx|| < x, x € IDk, then ix(T, Dx) = 1.
(ii) If there exists e € K \ {0} such that x # Tx + Ae for all x € dDx and all A > 0, then ix(T, Dx) = 0.
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(iii) Let U be open in K such that U c Dx. Ifix(T, Dx) = 1 and ix(T, Ux) = 0, then T has a fixed point in Dg \ Uk.
The same result holds if ix(T, Dx) = 0 and ix(T, Ug) = 1.

Now we consider the existence of at least two positive solutions for the BVP (1.1) by the fixed point
theorem in [12].

We define
K, = {ueK:|ull<p},
Q, = {uek: tg’élll’]l u(t) <ypl={ueK:yul < tgallr]lT u(t) < ypl.

Lemma 3.2. €, has the following properties:
(a) €, is open relative to K.
(b) Ky, CQ,y CKp.
(c) u€Q,ifand only zftrer[101r11] u(t) = yp.
(d) Ifu e Q,, thenyp < u(t) < p forte[0,1].

Now for convenience we introduce the following notations. Let

m=2 1 m=2
1 Z; i( f G (&, 0(3)) g(s)As + g(c +d)(2a + b)) p- ; ai(d +c(1 - &)
A | o m=2 7

m—2
Zﬁz( f G(éz,G(S))q(S)AHZ(C+d)(2a+b)) =Y Bild+c(1- &)

i=1

m=2 m—2 1
L ; ai(b + a&;) ;ai ( f G (&, 0(5)) g(s)as + g(c +d)(a + b))
A m=2 ,
p— ) Bib+ac) Z Bi (f G (&;,0(9)) q(s)As + Z(c +d)(2a + b))
i=1
1 , 4
D = [f G (a(s), 0(s)) g(s)As + E(C +d)(2a +b) + A(b +a) + B(d + c)] ,
0

-1

7

d 1
D =|— | G(os),
[ fo (a(s),0(s)) g(s) s

c+d

HY, = mm{mmft u):ue [VPIP]}'

= max {maxf(t u):u e [O,p]},
Ig(k) =max{(u):uel0,pl}, k=1,2,..,n,
o) =max{Jiw): u€[0,pl}, k=1,2,..,n.
Theorem 3.3. Suppose (H1) — (H6) hold.
(H7) There exist p1, p2, p3 € (0, 00) with p1 < ypy and p, < p3 such that

Fi' < piD, If'(k) < p1D, Jy' (k) < p1D, Hy;,, > paD*, Fy* < psD, 15 (k) < psD, J&* (k) < psD.
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Then problem (1.1) has at least two positive solutions uy, up with uy € Q, \Kpl, uy € Kp, \ ﬁpz.

(H8) There exist p1, p2, p3 € (0, 00) with p1 < p2 < yp3 < p3 such that

HY, > piD’, Fi? < paD, 15 (k) < p2D, ] (k) < p2D, Hyp, > psD".

Then problem (1.1) has at least two positive solutions uy, uy with uy € Ky, \ 591, up € Qp, \ sz.

Proof. We only consider the condition (H7). If (H8) holds, then the proof is similar to that of the case when
(H7) holds. By Lemma 2.5, we know that the operator T : K — K is completely continuous.
First, we show that ix(T,K,,) = 1. In fact, by (2.14), Fgl < pD, Igl (k) < p1D, ]gl(k) < p1D, we have for

u € dK,,,

(Tu)(t)

IA

1
(f G (a(s),0(s)) g(s)As + g(c +d)2a +b) + A(b+a) + B(d + c)) ;1D
0

= P,

ie., [|Tul| < ||ul| foru € 8Kp1. By (i) of Lemma 3.1, we obtain that ix(T, K,,) = 1.
Secondly, we show that ix(T,€2,,) = 0. Let e(t) = 1. Then e € JK;. We claim that

u#Tu+ Ae, u€dQ,, A>0.
Suppose that there exists 1 € dQ,, and A¢ > 0 such that

ug = Tug + Age. (3.1)
Then, Lemma 2.4, Lemma 3.2 and (3.1) imply that for ¢ € [0, 1]r
Tug + Age = yl|Tugll + Ag

1
y min (j(; G(t,0(5)4()f (s, u(s))As) + Ao

te [0,1 ]'[r

Up

[\

1
)4 (c i 3 fo G (a(s),a(s)) q(s)As) p2D* + Ag

yp2 + Ao,

i.e. yp2 > yp2 + Ao, which is a contradiction. Hence by (ii) of Lemma 3.1, it follows that ix(T, €2p,) = 0.
Finally, similar to the proof of ix(T, K,,) = 1, we can prove that ix(T, K,;) = 1. Since p; < yp, and Lemma

3.2 (b), we have Epl C K,p, € Q,,. Similarly with p, < p; and Lemma 3.2 (b), we have ﬁpz C K, € K.

Therefore (iii) of Lemma 3.1 implies that BVP (1.1) has at least two positive solutions u;, u, with u; €

Qp, \K,,, 12 €K, \Qp,. O

Theorem 3.3 can be generalized to obtain many solutions.
Theorem 3.4. Suppose (H1) — (H6) hold. Then we have the following assertions.
(H9) There exists {pi}izz’”l“rl C (0, 00) with p1 < yp2 < p2 < P3 < YPa < e < VP2my < P2my < P2my+1 SUch that

ngrrl—l < pam-1D, [gzm_l (k) < pam-1D, ]gzm_l (k) < pom-1D, (m=1,2,...,my,my + 1),
ng;m > psz*’ (m = 1/2,-..,1’}’10),
Then problem (1.1) has at least 2mq solutions in K.

(H10) There exists {pi}7"0 C (0,00) with p1 < yp2 < p2 < p3 < Ypa < .. < YP2my < Pom, Stich that

Fi™ " < poyaD, 17 (k) < pom-aD, J§"7 (k) < pamaD, Hyp > pouD’, (m =1,2, ..., mp).
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Then problem (1.1) has at least 2mg — 1 solutions in K.

Theorem 3.5. Suppose (H1) — (H6) hold. Then we have the following assertions.
(H11) There exists {pi}?ff’ﬂ C (0, 00) with p1 < P2 < YP3 < P3 < oo < P2my < VP2my+1 < P2my+1 SUch that

H%Zmll > pom1 DY, (m=1,2,...,mg,mp + 1), sz"‘ < pamD, IO’JZ’”(k) < pamD,
0 (k) < pamD, (m =1,2, ..., mg).

Then problem (1.1) has at least 2myq solutions in K.

(H12) There exists {pi}ffl“ C (0, 00) with p1 < pa < YP3 < P3 < coe < YP2my-1 < P2amg-1 < P2my Sch that

HYSt > powa D, Fo™ < pouD, 157 (k) < pawD, J5" (k) < pawD, (m = 1,2, ..., m).

Then problem (1.1) has at least 2mg — 1 solutions in K.

4. An Example

Example 4.1 In BVP (1.1), suppose that T = [0,1], {; = %, gt)=1,a=b=c=1,d=2, & =ay = % and
3

ﬁl = E, i.e.,
1
u”(t) + f(t,u(t) =0, t€[0,1], t # 3
1
sy =n o).
1
Aw'ly = —]a (u(g)) 4.1)
1 /1
u(©)— () = 5 (51)
() +2u'(1) = (-)
2
where
2
7—5u, u €|0,3],
498 1492
t/ = AE 7 7
f(t,u) AT €(3,4]
5 4970
1984t o297 UE (4, 00),
748 10
- > 0.
hw) = 1) = 535554 = 5g77 # 20
By simple calculation, we get p =4, 0(t) = 1+t, p(t) =3—-t, A=-2, y = %, A= %, B = %, D =
48 . 18
1475 D= 17 and
1 (1+s)(3-1t), s<t,
G(t,s) = 1

(1+HB-s), t<s.
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It is clear that (H1) — (H6) are satisfied. Taking p; = 3, p2 = 12, p3 = 1000, we can obtain that

p1<yp2 and p; <ps.

Now, we show that (H7) is satisfied:

F} =0.08 < p;D = 0.0976271, I} = J3 = 0.08 < p1D = 0.0976271,
Hj? =20 > p,D" = 19.636363,
Fy™ =30 < psD = 32.54237288, 1;™ = J;°* =30 < psD = 32.54237288.

Then, (H7) condition of Theorem 3.3 hold. Hence, we get the BVP (4.1) has at least two positive solutions.
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